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Abstract. In this paper, we will introduce a set of fully-orthogonal matrices for a transform that is more
orthogonal than the Fast Fourier Transform (FFT), and prove that they are orthogonal for all rows and
columns, as well as for each element and its neighbor elements, the basic matrix for this transform is founded
upon the Quadrature -phase mapper principle, and can be extended by using the Hadamard matrix, this will
provide orthogonality for all rows, columns and even single elements it will seen that the sum of all element be
zero and applied in OFDM [1]system.

Keywords: Orthogonality; FFT matrix; OFDM.

1. Introduction

Objective of the research is to find easy replacement configuration instead of Fast Fourier transform matrix, As
the sum of the matrix is not equal to zero it a new requirement was added in the terms of orthogonal
matrices in this paper, Here we begin with the most famous orthogonal matrix with complex elements, that is the
Fast Fourier transform (FFT) multiplication matrix for 4 elements [2,3,4], of 4x4 dimensions, the matrix of Fast
Fourier Transform matrix multiplication with reconstruction below 4x4 then:

wi Wi wj WfZ\ 1 1 1 1
FFT. — wi wi; wi wil (1 — -1 j o)
™ w? w2 owk owg| |1 -1 1 -1
wd wi wt wj 1 j -1 -
(2
Where: W} = e\ N e e e e (L)

To prove that this matrix is orthogonal, we have to multiply it with its conjugate transpose, and check whether the
product is really a scalar multiple of the identity matrix [2,3,4], i.e.

Or

56



International Journal of

Soft Computing And Software Engineering (JSCSE)

e-ISSN: 2251-7545
Vol.2,No.6, 2012
Published online: Jun 17, 2012

1
—J
-1

J

FFTx4 * FFT s =

[

1
-1
1
-1

1 1 1 1
j 1 - -1
-1]"l1 =1 1
=j 1 j -1

2ISCSE

DOI: 10.7321/jscse.v2.n6.5

1

j
-1
—J

=4 %]

Based on that result, the inverse matrix for FFT,, is given by [2,3.,4]:

FFT;' = —

FFT.:T

. (3)

Where k here happens to be equal to the dimension of the matrix itself.

2. Basic Conditions

In this paper, we intend to find a (nxn) matrix that satisfies all the following conditions:
1- Sij = (r,8), Then Sy = (r, 0+ g)
2- AndSjqy = (1,0 £ /2).

3 Sgrrj+p = (@6 £m).

4- S(i,j+1) = (r, 0+ T[) = (r, GZ)AndS(HLj) = (r, 0+ ‘IT) = (r, 62 + 1'[/2)
5-  SxS*T = K+ I Where I is identity matrix with n X n dimensions and k is any number but can be calculate.
6-  This is important Y1 ; ¥, S5y = zreo .

The following test can be applied to the 4x4 FFT matrix to prove that it is not fully orthogonal:

[-The columns: Take any column and multiply it by the conjugate of any other column, as illustrated below:

X
Cnxcr*n:{01fn¢m
Ran:n:{Oifn;tm

111
S T
% 1 -1 1
o T

1
]
-1
J
. (4)
e (A1)

Where C is the Column and R the row of the any matrix (in this case square matrix):
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X
< For column 1 and 2
X
N gy, bast
1 1 1 1 1 =
1 -j -1 j = + =0
1x-1=-1
1 -1 1 -1 +
| T Ixj =
For column 1 and 3 For column 1 and 4
1x1=1 1x1=1
+ +
1x-1=-1 1Xj" =
+ =0 + =0
1x1=1 1x-1=-1
+ +
1x-1=-1 1X " =j

The final result can be summarized as (4 0 0 0), where the dot stands for the first column, the zeros for the others.
For the second column (0 4 0 0), for the third column (0 0 4 0), for the forth column (0 4 0 0),

[1-And so on for the rows Elements by elements if we take 2x2 FFT matrix (= Hadamard matrix)[i _11] then:

\
0° '’
- _/

Figure 1. Phases between points in 2DFFT matrix

3. Generation of Basic Matrix

So the basic matrix and all matrix (can seen in 4x4 FFT matrix) not orthogonal elements by elements. We must find
basic matrix with all condition and:
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Figure 2. Phases between points in basic matrix

Or all elements:

1-Sgij = (r,8) , there are S(iyq5) = (r, 0+ g) and S(j.q) = (1,0 £ m/2) .
2-Sitajen = (r, 6 £ ).

3-$ * §*T = K+ I Where I is identity matrix with nxn.

It can be provided that from QAM and QPSK as shown below in Fig-1-.
So the basic matrix is given by:

a= lor 1+j

b= jor—1+j

c=—-1lor—1-—j

d=—jor 1-j
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Figure 3. Points in 4QAM

Then basic matrix will be for example as:

i1 —1+j 1+j)
(—1 —1)0R<—1—j 1-j)

And we can cyclic they as shown in example:

(GG ) (G e

1+j 1- j)
(_1 41— And so on.
For 100% orthogonal we must find every rows and columns multiply as shown in equations 4 and 4.1 or will be
equal to zero , and for element by element the basics matrices are orthogonal for all elements. So it is orthogonal
basic matrix for all rows columns and elements by elements, now for 4x4 matrix it can use Hadamard matrix as a
tenser product as given in Fig.4 and:

j 1 g 1
_ /11 ooy _ (-1 = -1 —j
Saxs = Howo ® S = _1)®(_1 _J.)_ P
-1 —j 1 j
Then make the three tests to the S4«4 then we find:
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1-Element by elements:

Figure 5.tenser matrix and tests

Where the slant line (The dotted and red line) represents a 90° (n/2) degree angle and the straight line (intersecting
and blue) represents a 180° () degree angle and we find:

a)  Sqj=(t.,0) then every Sg.1,j=(r,0+90°) .
b) S(i’j)=(r,6) then every S(1J+1)=(r,6i900) .
C) S(i’j)=(r,9) then every S(i+1,j)=(r,9ﬂ:90°) =(r,92) then S(i,j+1)=(r,92ﬂ:l 800) or S(ijﬂ):(r, 62 + 00)
d) S;=(1,0) then every Sy j+1)=(r,0+180°) or Sg1j11y=(r,0+0°) .
Where i=j (j here is notv—1). And for S,., shifted by 45°0r n/4 then:

—-1+j 1+j . .
2/aSax2 = (_1 _ ; 1— ;) And,/,S4x4 using Hadamard matrix:
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11y (~1+] 14]
iSaxs = Hoe ® sSa = (1 1))@ (_1 _; 7 ;) e (B1)

—14+j 14j =1+4j 1+4j

s  _|~1-i 1=j =1-j 1-]
AT T —14j 1+4) 1-j —-1—j
-1—j 1-=j 1+j —1+4j

And we must find:

©) aSaj = (1,0 + 45 ©)=(r,0%) , then every,/4Sis1j = (r,0% £ 90 ).
D n/4S(i’j)=(r, 9#), then every /4 S(i,j+1) = (I‘, 9# i 90 0).
) /aSaj=(r,0%),then every ,,Sq;.1) = (r,6% +£90°) = (r,0%).thenS;,1) = (T, ej +180°)

or S(i,j+1)=(r, 92 + 00)
h) S(iJ)=(r,9) then every S(Huﬂ):(r,eil 800) or S(i+1,j+1)=(r,9+0°) .

OSZXZ

Saxa

Figure 6. Representations S, by color.

2-For all columns:
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X
< For column 1 and 2
X .
+¥x T Vs x1 :+1
) 1 ] 1 XA =]
-1 - -1 -j = + =0
jx1 =-1
i g +
a4 4 1 1X =+
For column 1 and 3 For column 1 and 4
xXjf=1 jx1=1
+ +
-1x-1=1 S1X-j =
+  »>=0 +  »=0
jx-j =-1 jx-1=-1
+ +
-1x1 =-1 -1X =

Then for all columns the sum = (4 0 0 0), where is the first column, then for the all columns: (04 0 0), (004 0), (00
04).

3-For all rows:

y :-1 I
% ] 1 -1 -1
1
Or:
. N ; RN : - -
Saxz * Six =(_]1 _1])*(1 _?) =(_]1 _1])*(]1 —]1) =(_11 _11)*(11 il)z((z) g)
1 0
:2(0 1)=2>s<I
And:

*T
mSoxz * mS5xp =

4 4
—1+4j 1+j) (—1+j 1+j)*T_ 4 0y _ (1 0\_
(—1—1‘ 1-j) " \=1-j 1-] =(p 4)=2( 7)=1-
OS4X4 * OSZE;‘I- = 4‘ * I Mee wes mes EeE m o w EEs s wes mE wes ses wes NEs Ees Ges aw wes sws wes sEe wes Eee wes ses wew wes see wes s wew wee e (6)
(7

*T
m/aSaxa ¥ 4505axa = 8 F Lus v i

Or from equation 6 and 7
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T S S T (FEN PPV TRPTURRR <) |
TS hxn * TShkn = 210 % Dttt it cet et e et e s e eas e s e i een sen et e et e een e e e een s een e (821)
% 7
,(if r =+/2)
And we can make unlimited basic matrix as shown, like the figure below:
T T
rcos (9" + E) + jrsin(6° + E) rcos(6°) + j rsin(8°)
00S2x2 = b m - (9)
rcos(8° + 1) + jrsin(6° + m)  rcos (9" - —) +jrsin(6° ——)
2 2
If not /2 phase shift then the equation will be:
2m \ P
rcos (6" +B°+ —)
(S)P = n B 5 )

2T
+j rsin (60 +B°+ T)
Where: n=number of consolation points n>0 p =power 0°= phase shift f°= phase start for r=1, n=4,
0°=0°and B°=0° S,=1,-1,i—i

Then make a tenser with:

rcos(0°) + j rsin(0°)

A
T T
rcos (0° 4+ =) +j rsin(6° + =) .
e sdf
/ TN
o : N
~_ e A
\_\ ’_._/ \‘
‘ N - »/ \‘ ) \
P \‘\.\ / \‘ /2 ,I
- 2° \\ 7 ~ \‘ g
v/ U
v - ~
Y- - .
Va w/2° > ~.
~.
/,/ ®
/ rcos (6° - —) + jrsin (6° - —)
® v

rcos(0° + ) + j rsin(6° + x)
Figure 7. Constellation Points for 4QAM and shifted by 6.

il il
rcos (9° + E) + jrsin (9° + E) rcos(8°) + jrsin(6°)

sha=(; _)® e (10)

And so on:

£; T
rcos(6° + 1) +jrsin(8° + ™)  rcos (9" - E) + j rsin (9" - E)
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11 11
(1 _1) ® S8, =S8 or: (1 _1) T ORI ¢ & §

4. Euler form

So for last equation we can use Euler method with r = 1to representation the matrix in form:

€79 = C0SO + JSIMO .. e cer et e et s et e et et e et e e i ene atn e ean e enn e s ane aen e enn e en aen e (12)

And: p
S0 = <ej(e+(or*%))>p = (cos (9 + (or + g)) + jsin (9 + (or * g)))

Where or=0, 1, 2 and 3, and p=1, 2, 3 ...

3 . . .
So=e =83 =5, Si=e/0D = y5u 5=/ = 45,
2

And S; = /072 = ¢S = if 8 = 0°then:

2
S S
e : (13);
2%2 SZ 53 Sn. S_E Sas EEE BEs NN EEE SRS NEE SEE BN BES NN EEE SRS EEE SEE EEE EN8 SEE GG SRS GNE EER REE GE@ Es SR Ran mEE )
2

Now for expansion we can make Hadamard matrix in the fallowing form:

) s S S ® ng 050

a 4x4 = ( ) or
S Sﬂ' GSTL' 95_%
S S

Saxs = ( 22 2*31) if and only if Spup " = —Sgup e e eesvoevrevvr s ers e wre et s e wre e ene e (13.1)
S2><2 S2><2

A square matrix with complex number is said skew-Hermitian if the conjugate transpose for it was
equal to its negative.

b Sg Sg (.)Sg GSO ( )
) Suxa = ® RSN € & )T
St S =
z -3 esn GS_%

1-Fora) S*S=e/%xelf,
If we rewrite with 6=0° then the formal will be:
SxS=¢elf xelf = 52 =52
Forb) S Sz = e/? « IOV = ¢/26 4 3
2

If we rewritee’z = §; with 6=0° then the formal will be:

. (0 T . T T
S*Sn = 00 x 1012 — 0J20  oJ7 = §2 4 0J7 = 52 & 051

2

2-Fora) S$*S, = e? x eJ(0+m) = )26 4 oJ7

If we rewrite e/ = S, or S, with =0° then the formal will be:
S*S; =52 0S,
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Forb) S+ S = = /% « eI 0D = ¢i20 4 ¢7J7 = S2S =
2 2
If we rewritee 'z = S;or oS_mwith 8=0° then the formal will be:
2
S*Sn=82,S=
2 2

Then the matrixSuy with 6=0° then the formal will be:

oS, 1 oS, 1

0S5 * oS1 0S4 0S8 * oS1 0S4 \
Saxa = 0S8 * oSz 0S8 * oS3 0SE* 0S2 oSG * 0S3 — OSZ % 05, 053 05 053
koSg * 051 Y 0S5 * oS3 oS5 * 052 ) 0 oS 1 oS y
0S5 * 0S2 056 * oS3 0S4 0S5 * o051 ! 3o

OSZ 053 1 051
o1 g 1
S e B

= OS o0 * ] 1 —j 1
-1 -5 1 j
Table 1. The number S.
0=0 number 0=n number
and or=0,1,2 and 3 and or=0,1,2 and 3
0So 1 50 -1
051 i 2S1 -
oSz -1 52 1
053 -j 53 i
0=mn/2 number 0=-m/2 number
and or=0,1,2 and 3 and or=0,1,2 and 3
1250 i 250 -
251 -1 251 1
252 - 2Ss i
253 1 2253 -1

5. Application

In this section will introduce the application and compare with FFT matrix, the application consist
the communication and DSP. The communication will be the digital transmitter like OFDM and the
DSP using the basic matrix as filter, the both system will be have resulting and compare with the
original system in the power and performance.

6. OFDM System

Orthogonal Frequency Division Multiplexing (OFDM) is similar to used technique of Frequency
Division Multiplexing (FDM). But it is allow multiple messages to be sent over a single channel. It is
allowing an improved spectral efficiency. The Fourier transform (or other transform) data
communication system is a realization of FDM in which discrete Fourier transform are computed as
part of modulation and demodulation process. In addition to a completely digital implementation can
be built around a special-purpose computer performing the fast Fourier transform [5,6,7,8]. OFDM has
recently been applied widely in wireless communication systems due to its high data rate transmission
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capability with high bandwidth efficiency and its robustness to multi-path delay. It has been used in
wireless standards such as IEEE802.11a and the equivalent HIPERLAN/2 and in multimedia wireless
services such as Multimedia Mobile Access Communications. A dynamic estimation of channel is
necessary before the demodulation of OFDM signals since the radio channel is frequency selective and
time-varying for wideband mobile communication systems [5,6,7,8]. The block diagram of the given
system for OFDM is depicted in Fig.8. The OFDM modulator and demodulator of FFT-based OFDM is
shown in Fig.9.

First of all, the input serial data stream is formatted into the word size required for transmission e.g.
2 bit/word for QPSK and 4 bit/word for 16-QAM, and shift into a parallel format. The data is then
transmitted in parallel by assigning each word to one sub-carrier in the transmission. After that, the
data to be transmitted on each sub-carrier is then mapped into QPSK or 16- QAM constellation format.
This process will convert data to corresponding value of M-ary constellation which is complex word,
i.e. real and imaginary part. The training frame (pilot sub-carriers frame) will be inserted and sent prior
to information frame. This pilot frame will be used for channel estimation that's used to compensate the
channel effects on the signal. After that, the complex words frame and pilots frame will pass to IFFT to
generate an OFDM symbol. Zeros will be inserted in some bins of the IFFT in order to make the
transmitted spectrum compacts and reduce the adjacent carrier’s interference.

Now if we can replace the FFT and IFFT for (n) length data by the S,,,, matrix and study the
performance in the following condition in table -2-

02! 02!
MIXIIATCR
vowa | T T v
ZERO ’ IFFT : CYCLIC
PAD : .
Y ) - PREFIX |

a- OFDM Modulator

INPUTTO QUIPUT OF
DM OrbDM
DEM]IJL;AT@; DEMODULATCE
REMOVE ' = ' = REMOVE
CYCLIC : FFT :
PREFIX : : ZEROS
—p » » —

b-OFDM Demodulator

Figure 8. The OFDM modem system.
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LiP - B i Paralle]
Serial - _ »  Adaptation > >
DATA ?['u Signal of OFLCI To

Parallel Tulapper Transrussi Ilodulator Senal

» »{ on Frame » »

Generation

af
Pilnt
Carmers

TEANSMITTEE

Serlal
Te [ OFDM » > » FParalk] or

D&TE
Channel Signal To .

Parallel |, Dermodulator »| Clompersa » Demapper »  Serial
or

.~

¥

Channel
Estirnator

EECEIVEER

Figure 9.Block Diagram of OFDM System.

Table 2.The conditions.
Modulation Types 4Q & 16QAM

Number of sub-carriers | 64 or 32 sub-carriers

Number of FFT points 64 or 32 FFT points

Damnation of S, 64x64 or 32x32
Flat fading + AWGN

Channel model
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Frequency selective
fading + AWGN

Doublers Shifts

S0Hz

SNR

Maximum 60 dB

The resulting shown below:

‘Welch Power Spectral Density Estimate

A0

8. =
. Kt

w

Powerffrequency (dBfrad/sample)

A35F i

i 1

02 04 06 0B

I 1
1 12 14 16 18

Mormalized Frequency (xx rad/sample)

a-Inverse Safe Transform for 32 length data

Welch Power Spectral Density Estimate

-10 . : : .

Powerffrequency (dB/rad/sample)

L

i

1 |

i i
06 08
Normalized Frequel

0.2

0.4

L
1 12 14
ncy (xmradfsample)

b-IFFT Transform for 32 length data

Figure 10. Power of the signals taken with the transformation.
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& OFDM FFT 500 1000P SEL l

—=— OFDM Safe 500 1000P SEL

40 =0 B0

—&— OFDM FFT 500 1000F FLAT

|

—6&— OFDM Safe 50D 1000P FLAT

SNR

c- 16QAM with Doppler shift 50Hz in selective channel

2ISCSE

Figure 11. Transmitted data through wireless channel using OFDM.
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From the figure (8) it seen that the result is same then we find a new way to scrambling by change the
phase of Safe matrix and easy way to create the matrix instead the FFT matrix with same power as
shown:

1 1 1 1 1 1 1 1
1 1. . 1 1 1 1. o1 1.
—=-=i T -5=-F% -1 —&=+=i i =t5i
V2 i V2 NN AN NG
1 -] -1 j 1 —i -1 j
1 1 11 i+i] L1
—— 2 2 VI Ve 2V T TR
8x8 7 1 1 -1 1 -1 1 -1 1 -1
R NN 1 1 1 1
vz vz et 2z v ) TweV
1 j -1 - 1 j -1 -
RS L1 1 1 11
=T =] ) ——Fm=Tv7=) Ll m—=—=] "] =7
Z V2 Z' V2 z v ViV
o1 o1 o1 o1
-1 -5 -1 - -1 = -1 -j
i 1 -5 -1 j 1 -j -1
|-t = 1 j -1 - 1 j _
00Sgxg = i1 i1 - -1 P -1 (the sum of all element = zero)
-1 - -1 —j 1 1
j 1 —j -1 —j -1 j 1
-1 - 1 j 15 -1 -

But the favored one is __ /ZOSHXH and ;. ,0S,xn because the inverse is the same matrix divided on the

dimension:

1 - - L=
Examplc:_n/zo§zxz = ( . _]1)'(—1T/2°§“X“) 2 *( —]1)
1 - 1 -
o
And _n/2054x4 = 1 - -1 j
j -1 - 1

And (oSpxn s o Snxn the inverse is —oSpxn/N, —10Syxn /N respectively.

7.Conclusions
From this paper we find we can have orthogonal matrixes using complex number and it can be full

orthogonal (elements by elements) that will help our in many applications like communications
systems, (like CDMA [9,10]) and have infinite matrixes by shafting the phase, (it is hard to obtain
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orthogonal matrix), from the application we find that Safe matrix is the same FFT matrix to find and
performance and power but the sum of it is zero and more easy to find by tenser product.
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